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1. Hidden Markov Models see HMM_Lecture_2.pdf

o we have a Markov chain, not visible for the observer (hidden)

o every state of the Markov chain can ”"emit” an element of a set of
observable characters (symbols) with some probability

o the Markov chain itself forms the state path m;

o the emission probabilities are labeled e, (x;), defining the probability that
the state ;, emits the symbol x;.

"transition” "transition” "transition”

a'OTfl a7T17T2 an2n3
B >
emission (v »emission” (v "emission” ('

er, (x;) er, (x;) er, (x;)

Note: transitions probabilities from the (virtual) begin state will be denoted
Apy; OF Ao, They are also labelled start probabilities.
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Hidden Markov Model see HMM_ Lecture_2.pdf

Ao a A,

1 T4 TT 21t3

B (m) =22 (m) 2 (m) —>
emlssmn g emlssmn g emlssmn g

er, (x;) er, (X;) er, (%)

Joint probability of the chain of states and symbols:

P(:Cvﬂ- | 9) = A0y " €y (331) “Qrimg " Crg (xQ) “Qmoms
L

P(Qﬁ,ﬂ | 9) = Qo7 - Heﬂ@ (331) "l

i=1
0 = (ay;, ex apr) stands for whole parameter set, ay;, = start probabilities

ap = P(m =1| -1 =£k) transition probability k — [ (within state path)

er(b) = P(x; =b| m = k) emission probabilities, from state k to symbol b
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Continuous Density Hidden Markov Model

The emission probabilities outgoing from state k can also be modelled by a
continuous random variable. A prominent example is Gaussian emission,
where state k emits the observation x; according to a normal distribution
with mean y;, and standard deviation oy:

P(z; |7T-=k)=—1 exp —(Ii_uk)Q
‘ ' V2T - O 2(7]%

a’OTL'l aT[lTL'z an2n3
B —>
"emission’ (‘ "emission” (ﬂ ”emission” (ﬂ

’ Hs ) 0-3 “‘»._\ -

S M1, 01 S g, 09

Having k different states, we have k Gaussians with different y; and gy. In
many cases, it is favourable to model the emission probabilities with a

mixture of Gaussians.
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Parameters of the Markov chain and their
properties
0 = (axi, ex, aok)
apr, = P(m = k) initial states 1< k< K
ap = P(miy1 =1|m =k) transitions 1<i<L-11<kI<K
ep(xz;) = P(x; | ms = k) emissions 1<i<L,1<kE<K
K : number of states; L :length of the chain
The a;; do not depend on i, because we assume a homogenous chain:
apy = P(miy1=1l|m=k)=P(m=1|m_1 =k)

Z er(x;) =1 one of the x; mustbe emitted from state k (for discrete x;)

X

/ek(:r)dmz 1 whenx € R

Z ap; = 1 the state k must switch over to some other state [
!



2. Find the state path given the observations
and the model

o observations: x = {x;} ; the x; are known variables
o model: 8 = (ay;, ey agy) ; the symbol 8 stands for all parameters

P(x,7|0)=P(x|x,0) - Pz |8) conditional probability

\

7 =argmax P (my ... 7 | x1...21,0)

w1...70 1,

> most probable path

7* =argmax P (my ... 7, x1...2 | 0)

T1...7TT,

J

o m™: state path that lies behind the observed data
o K" possible paths
o — 2-L- K" arithmetic operations

o - brute force approach fails

www.matstat.org



Find the single best path for given x and 6
- Viterbi algorithm -

7° =argmax P (m...7, | z1...271,0)
mw1...70F,

=argmax P (my...mp,x1...2 | 6)
mw1...70 ],

Define auxiliary variable §;(k):

57,(]€): max P(’/’Tl,...,ﬂi_l,ﬂi:k,ﬂfl,...,:ﬁi‘9)

TLeeny T —1

This is the probability of the chain based on the most probable
path up to position i — 1, ending in state k at position i. It can be
recursively calculated:

Si41(1) = max {5i(k) - anr} - bi(ig)

o indices ! and k run through all states 1 ... K
o index i runs through positions in the Markov chain 1 ... L
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- Viterbi algorithm -

52(]6) = i mag( P (7T1, e T, T =k, ., T ‘ 9) auxiliary variable
Laeersdilg—1

(57;+1(l) — HlkaX {51(76) . akl} - bl($i+1) recursion

Proof of recursion: [m, cea, T = T4 ]

5@-4_1([) = max P (71'1;1-, Ti4l — l, T1:i41 ‘ 6’) extract x;,1 , using cond. probability

T01yeens 704
Sia(l) = P (myasmisy = Ly | 6) - P (s i1 = 1, 1.,0)  MaTkev
z—l—l( ) = Imnax (7T1:177Tz—|—1 — 6, X1 | ) : (Iz—l—l ‘ T, i1 — L, L4,y )

Tl yeees g property

extract w1,
,0)

Oiv1(l) = max P(myg,mipr = Lwy | 0) Ploigy [ migr =1 cond. probability

Tl d N —
e Mark
di+1(l) = _max P(m1, @14 | 0) - P(migr = 1] 714,210, 0) - €1 (Tit1) pr?)rp;\iy
Lyeeosflg

(5i_|_1(l) = max | P (ﬂ'l;@', T1:4 ‘ 9) . P(Ti'@'_H = | T, 9) - €] (mi-l—l) choose maximal ; = k

T yeeey Ty e TR T e
_____________________________________ ‘/‘/’ -“\-‘“---“‘N-__
(57;_|_1(l) ml?xmmagc ) P(’]Tl 1,7 — k‘,ﬂ?l;i | H)P (7T7;_|_1 =1 ‘ w5 ; k,@)-el (xi—l—l)
hd < - Y ~
9; (k) Al
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The Viterbi algorithm

Initialise all § at position 1 of the chain, for all states 1 ... K:

ao; = P(m; = 1) : probability that the
chain starts with state [

() =ag -e(r1) 1<I<K

wl (l) — () pointer which will be used when tracing back from the end of the chain

B index [ and k run through states
Oit1 (l) — m]?X {51 (k) : a’kl} " € (3773-|-1) index i runs through positions in chain

1<i<L-11<Lk<K

Pi(l) = argmax {d;_1(k) - ag;} pointer 1<i<L-1;1<1k<K
k

P* ( T, ‘ 9) — max 5L( l) the max. probability is the max.imum 6 (over
! all states) at the end of the chain

WE = argmaxor, (l) the last element (at position L) of the most probable path
l

the other elements of the most probable path can be

* ) *
o= Vit (W@‘H) backtracked using the pointer
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3. The Forward and Backward probabilities

We’'ll need the forward and backward probabilities later when deriving the
Expectation Maximization algorithm for Hidden Markov Models.

a;(k) = P(xy,29,...,%;,m =k | 0)  Defintion, forward probability

This is the probability of the observations up to position i when having state k
at position i. It can be calculated recursively:

cep(@iy1)

aip1(l) = [Z o (k) - agg
k=1

o indices ! and k run through all states 1 ... K
o index i runs through positions in the Markov chain1...L — 1

The recursion starts with

ar(l) =ag-e (1) 1=1...K

ao; is the probability that the chain starts with state [ : ay; = P(r; = ).



Forward probabilities

a; (k)= Plxy,z9,...,0;,m; =k | 0) Definition, forward probability

Recursion:

a;y1(l) = [

Nt

a;i(k) - akz] e (Tig1) a1(l) = ag - e (1)

Proof of recursion: [331, N P ] observations 1 ...1i

Initiation:

ar(k) = Plxy,m =k | 0) cond. probability k=1...K
— P(W1 =k | 9) - P (3;1 | T = kﬁ) use definitions

= ao - ex (1)
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Forward probabilities (21, i = w4 |

Proof of recursion:
K
Oéi_|_1(]€) = P(:Ul;@'_|_1,71‘7;_|_1 =k ‘ 9) = ZP($1:i+la7ri =7, Ti+1 =k ‘ 9) marginal rule

=1
/ cond. probability

K
ai1(k) = ZP(ILMU =J,mir =k | 0) Pz | 21, m = J, M1 = k,0)
j=1
K
()47;4_1(’{) = P(:L‘l;i,’ﬁ?; =7, mi11 =k ’ 9) . P($i+1 ‘ iyl = k,@) Markov property

cond. probability
(214, m = § | 0)P(mip1 =k | @1, m = J,0)-Plwigr | 11 = K, 0)

g
*
=
||
]~
g

K Markov property
aip1(k) =) Playmi=j|0) P(ryp =k | m =j.0) - P(xiga | mip1 = k,6)
use definitions

ai1(k) = Z a;(j) - aji| ex (i)  qed.



Forward probabilities

Probability of the complete chain: (z1.1, | 0) Z ar,(

1% marginal rule

Proof: P (x.p|60)= ZP(CULLaWL =k|0)=
k=1

ar (k)

S

The Forward algorithm

[nitiation: a1(k) = aog - e (1) Ek=1...K

K _
_ l=1...K
Recursion: ;1 1(1) = Z ai(k) - apr| - er(iyr) o1 L1
. .
K
Termination: P(z|0)= Z ar(k) probability of the observation
k=1
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Backward probability

We'll need the forward and backward probabilities later when deriving the
Expectation Maximization algorithm for Hidden Markov Models.

Bi(k) = P(xijy1,Tizo,..., 2 | m; = k,#) Definition, backward probability

This is the probability of the observations from positions i + 1 up to the end of
the chain, when having state k at position i. It can be calculated recursively:

Bi(D) =Y ik - ex(zip) - By (k)

o indices ! and k run through all states 1 ... K
o index i runs through positions in the Markov chain L — 1 ... 1

The recursion starts with



Backward probability

Bi(k) = P(x;y1,Ti19,...,21 | m = k,0) backward probability

D= aw-ex(@ir1) - Biya(k) Brl) =1 2
k=1 3
I~
Proof of recursion: = =
marginal rule ||
el
Bi(l) = P(wis1.p | m = 1,0) ZP Tiy1:L. Mg = k | m = 1,0) =2
o R an AN A S e BCNC)
a b C a b ¢ u? S
—~ — " — \_/ v
Bi(ly =) P(xiq1p|mp1=km=100)-P(my1=k|m=1,0) N=

cond. probability, Markov property

Bi(l) P(zivor | miqa =k, mi=101,0)P(2iq1 | mig1 =k, 0)P(mix1 =k | m =1,0)
Markov property

P(ZCZ'+2;L | Ti+1 = k‘,@)P (LIZ‘H_l | Ti+1 = k,Q)P (ﬂ_fi—l—l = k ‘ w; = l,@)

|
M T T

Bi(1)

=
|
=

use definitions

Bi(l) = Biy1(k) - ex (Tig1) - arr
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Backward probability

Show that the recursion must start with 37,(l) = 1 [=1...K

Br_1(l) = Plxy, | 7p—1 =1,0) according to the definition of
K
Br-1(l) = ZP(.GE‘L,’H'L =k |m,_1 =101,0) marginal rule
o1 M S~ — {—
C
b C b C

k=1
Markov property

K
Br_1(l) =) Plzp |7 =k,0) P(rp =k |mp_1 =1,0)
k=

K
Br—1(l) = Z ex(Tr) - am with ﬁL(k) =1V k wecan write:
k=1

K
Br_1(l) = Z er(xr) - ay - B (k) which is the general recursion fori = L — 1

i
—_
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The posterior probabilities

Another auxiliary variable is y; (k):
~vi(k) = P(m; = k| z,0)  posterior probability for state ;

This is the probability of having state k at position i, given the observations x
and the model 6. It can be expressed in terms of the forward- and backward
probabilities:

oy qilk) - Bi(k)  ay(k) - Bi(k) (B —
vi(k) PEl0) ~ 5K (k) Bi(h) ;%(k) 1

The individually most likely state at position i is:

7 = argmax y;(k) = argmax P(m; = k | x,0)
k k
These expressions are interesting if the most probable state at some particular

position of the chain is in the main focus, rather than the most probable path
spanning the whole chain as calculated by the Viterbi algorithm.



Show that P(x | 8) = ), a;(k) - B; (k)

forward probability: backward probability:
a;(k) = P(zyq,m =k |0)  Bilk) = P(ziyrL | m =k, 0)

(z | 0) Z P(zx,m; =k |60) marginalrule

conditional probability

P(z|6) = ZP (216,75 =k | 0) - P(2i41.1 | 1, m = k., 0)

k=1
Markov property

(z | 6) ZP (1.0, =k | 0)- P(2ig1.n | m =k, 0)

use definitions

P(z|8)= Zoa%

Uwe Menzel, 2008



The posterior probabilities

vi(k) = P(m; =k | x,0)
OJZ(I{) = P(.TCLZ',T{'Z' =k ‘ (9)

_ ailk) - Bik) ai(k) - Bi(k) Bi(k) = P(ziy1.0 | mi = k., 0)

vi(k) = P(z|6) Zle a;(k) - Bi(k)

Proof:
vilk)=P(m;=k|z,0) = P(W;D(: IT’;; 9) conditional probability
x
a b
—
,Y(k,) — P(ﬂ-’b — kaxl:iaxiJrl:L ’ 9) P(a7b) — P(a) . P(b | CL)
Z P(z|0)
a b a
T N
vi(k) = Plmi=k,x1410) Pwiyr.o |7 = k,714,0) g6 Markov property

P(x | 6)

(lf) = P(m — k’xm | 9) . P(miJrl:L | i = k’ 9) — ai(k) . 62(1{) definitions
i P(x | 0) P(x | 0)




Probabilities &;(k, 1)

Another auxiliary variable is called ¢;(k, [):
(i(kyl) = P(my =k,miy1 =1|x,0)  Definition

This is the probability of having state k at position i, and having state [ at
position i + 1, given the observations x and the model 8. It can be expressed in
terms of the probabilities introduced earlier:

_ a;(k) - agr - e(ziy1) - Bir1(l)

The denominator can also be written as a double sum over all states:

a;(k) - apr - er(viv1) - Bit1(l)
S Sy ailk) - a - er(@ig) - Biga ()




&(k, 1) = P(my =k, mip1 =1 | x,0) Definition of &

_ aik) - ar - e(@in) - i (1)

&ilk, 1) Pz | 0) Calculation of ¢

Proof:
P(x,m; =k,miy1 =1|0) conditional

gz’(k,l) = P(’/’Ti =k, mip1 =1 | L, 9) - J2 (CE | 9) probability

numerator = P (z,m; = k,mjy1 =1|0) = P(x1,m = k,x;01.0,miv1 =1]60) reordered

= P(2iy1.0,mip1 = 1| 214, m = k,0) - P (21,7 =k, 0) P(a,b) = P(b| a) - P(a)

=P ($i+1:L, Tit1 = [ | T =k, 9) : f) (351:@'; m; = k, Qj) Markov property
(k)
= P(xip1.p | g1 =L m =k,0) - P (Tig1 =1 | m = k‘,@ - i (k)
ay

= P(xi11, Tivor | M1 =1, m = k,0) - agg - (k) Markov property

=P (:E’i—l—Q:L ’ Ti+1 — laﬂ_i — k: Q)P (mi—l—l ’ Lit2: L, Ti41 — laﬂ-i — k,@) ey Qz(k)
= P(zipor | mip1 = 1,0) - P(zig1 | M1 = 1,0) - agg - i (k)

= 5i+1(l) e ($i+1) F Akl oz@-(k) g.e.d.



Probabilities &;(k, 1)

@-(k,l) = P(Wz‘ =k, mip1 =1 | Z, 9) Definition

From this definition, we see that suming up over [ yields the above
defined variable y; :

K K
vilk)=P(mi=k|2,0) =) Plmi=k,me=1]x,0)=>Y &k.1)
=1 =1

by the marginal rule

K

vi(k) =) &k, 1)

=1



O O O O

4. Expectation-Maximization (EM)
Algorithm

calculates Maximum likelihood estimators for parameters in models that
contain unobserved (latent, hidden) variables.

o incomplete-data problems (HMM, missing data problems)
o models with "artificially" introduced latent variables (Gaussian
Mixture Models: GMM)

EM emerged from a number of previous, "intuitive' algorithms
generalized as EM by Dempster, Laird, and Rubin in 1977 ()
Recursive algorithm (E-step; M-step)

EM is often computationally easier than other methods

) Dempster, A.P, Laird. N.M., Rubin, D.B.: Maximum-Likelihood from
incomplete data via the EM algorithm. J. Royal Statist. Society, 1977

www.matstat.org



General approach used in EM

o Observed data: x (visible part of the chain)
o latent (hidden) data: m (state path)

o parameters of the model: 68 = {ay;, e;(b), ag;} with ay; = P(ry = 1)

P(m,x | 0)
P(m | x,0)

likelihood

L(0) = P(z | 0) =

[(0) =log P(x | ) =log P(mw,z | §) — log P(w | ,0) log-likelihood

Expectation-Maximization algorithm:

o calculate the conditional expectation E | 9, of the log-likelihood
with respect to  given the observation x and some known 6,

o 0 is either the 15t guess of the parameter set, or the parameter set
obtained on the precedent iteration step

o this is eqivalent to generating  according to the distribution
P(m | x,6;) and average

www.matstat.org



Conditional Expectation of the log-likelihood

identity, cond.
log P(:C | 9) = log P(?T, T | 9) — log P(W | 35'79) probability

This equation is valid for any value of m — whatever the value of m on the
right-hand side is, the left-hand side is still log P(x | 8). It follows that the
expectation of the right-hand side is also log P(x | 6). Formally, this can be
shown by applying the operator )., P(rr | x, 8;) * to both sides of the equation.
The left side is unchanged because it does not depend on m and
2 P(m|x,6,)=1:

Find expectation by applying )., P(7 | x,0;) * (with some known model 6,):

log P(z | 6) =) log P(m, x| 0)  P(r|2,0;)— Y logP(r|x,6) P(r|,6,)

C v
g - - v

Q(0,0,) H (0,0;)

log P(x | 0) = Q(6,0,) — H(6,0,)

www.matstat.org



Increasing the log-likelihood

Task: Find a new value of 8 so that: AL = L(0) — L(8;) = 0 (likelihood increases)

AL =log P(x | 0) —log P(x | 6;)
log P(z | 0) = Q(0,0,) — H(0,0,)

lOg P(SE | 91;) = Q(Qtygt) — H(9t79t)

AL =Q(0,0;) — H(0,0,) — Q(0,0;) + H(0y,0;)
AL = Q(8,0:) — Q(6,6:) + H(0:,6;) — H(0,6;)
g

_/

always > 0 (see below)

I:> 0¢+1 = argmax Q(0,0;) increases the log likelihood !
v
with Q(0,6y) = log P(m, x| 6) - P(m | x,6;)

www.matstat.org



EM - Iteration

1. Initialise the parameters (15t guess) : 85 — 6,
2. Calculate the expectation (Q-function):

Q (9791:) — Zlog P(T{',.CU | 8) : P(ﬂ- ‘ I,Qt) E-Step

Q(6, 0;) is the conditional expectation Er | g, of the log-likelihood,
P(m, x | 8), with respect to m given the observation x and the known
parameters (model) 6,

3. Find the parameters which maximize the expectation:

0111 = argmax Q(0,0;) M-step
0

9t+1 — 9,5 return to E-step or terminate if 8, is stationary

[terate through E-step and M-step until the relative change of 6 gets small.
EM improves the likelihood on each iteration (at least, it cannot decrease).
EM guarantees that a stationary point of the likelihood is found. This point
is not nessecarily a global maximum of L(8), but can also be a local
maximum or a saddle point.

Uwe Menzel, 2008



The upper bound for H(8, 6;)

Jensen’s inequality (for -log, which is a convex function):

— Z arlog By > —log {Z aﬂBﬂ} if Z ar =1 a; >0 (see Appendix)

H(6,,0,) — H(0,6,)

=> "log P(r | x,0,) - P(r | ,60;) — Y log P(w | 2,0) - P(x | x,06;)

P | x,0)
- Z — log !p(7T |z, 9:5)] - P(m | z,0) use Jensen'’s inequality

™ "
B, A
P(r|x,0) _ = <
> —1 P ; = —logl =
atl 0g {; E_(?T,_--l——%'fﬁi‘:) ‘(ﬂ- 1 Z, Qt)} 0g 0

—y H(0,0;,) < H(0;,6;) H(b,,0,)isan upper bound for H(6,6,)

www.matstat.org



EM - What have we won?

L(#) = P(x | 0) likelihood, maximize wr.t. 6

Q0,0,) =) logP(m,x|0)  P(r|x,6;) Q maximizewrt.9

At a first glance, the task of maximizing the expectation Q(6,6;) doesn’t
seem to be much of an easier task. However, in many situations, solving
the second equation can be more convenient than maximizing L(0)
directly, if the latent variables m are chosen in a beneficial manner. In
Hidden Markov Models, the latent variables are given by the state path
variables.

The EM scheme improves the likelihood on each iteration step (at least, it
cannot decrease in any iteration). That makes EM appealing for practical
applications.



5. EM for Hidden Markov Models

Aim: Adjust the model 6 to maximize the likelihood. In order to do that, we
have to calculate the conditional expectation (Q-function) first (E-step)

Q(eagt) :ZIOgP(ﬂ-7$ ‘ 0) P(Tr | :Evet)

Probability of the "complete data” (= observations x plus state path
variables ) given the model (the parameters) 6:

P(.ZC,’/’T ‘ 9) = Q0my " €y (331) Oy " oy (332) “Oromy -
L

P(ZE,?T | 6) = Q0ry - Hem (m‘b) "l
1=1

Using the definitions of the variables, P(x,m | 8) can be written:

Pz, 7| 0) = P(m)-HP(wi | ;) - P (i | )



EM for HMM, E-step

Plz,m|6)=P(m) - HP (z; | m3) - P(mjx1 | ™) reorder product, log
L L
log P(z,7 | 0) =log P(m1) + Y log Px; | m) + Y log P(miyy | m;)
1=1 =1

recallthat  Q(6,6;) = > log P(w.x | §) - P(r | @,6,)

Q separates into 3 parts:

Q(0,6;) = Z {1og P(m) + Zlog Plx; | m)+ Zlog P(miiq | m)}‘P(W | x,6;)

T =1 =1

L
Q (0, 6,) Zlong P(m|z,60,)+ Y Y log P(x; | m)- P(m | z,6,)

T =1

+ZZlogP<m1 |m) - P(r | 2,0:) = Qa + Qp + Qo

™ =1



EM for HMM, E-step
Q(0,0:) =Qa+Qp+Qc

A (0, 0;) ZlogP 7). P(w | @, 0¢)

Qp(0,0;) ZZlogP x; | ) Plr | x,6;)

Qc (0,0;) = ZZlogP v | mi) - P(w | @, 6)

T i=1

The model includes the parameter set: 8 = {ay;, ex (x;), ap;}

o Q4 depends only on ay; = P(mr; = 1) - initial state

o Qg depends only on e, (x;) = P(x; | m; = k) - emission probabilities

o Q. depends only on ay; = P(m;;; = l| m; = k) - transition probabilities
o That means that the 3 parts can be maximized separately —

o (Note that P(m | x,6;) only depends on the known model 8,).



EM for HMM, M-step

1. Maximization of Q 4

A (0,0;) ZlogP ) - P(mw | x,0;)

We have to keep in mind that « is a vector: m = {m{, 5, ..., 7.}

4(0,0,) = ZZ ZlogP']ﬁ P(m.p, | z,6)

4 (0,0;) log P( 0 all other sums add up to 1,
t Z og P(m) - Plm |z, 0:) marginal rule

Qa(0,0;) = Z log P(my = k)-P(m =k |x,0;) krunsoverall possible states

Qa(0,0:) = Z log aoy - 71(k) posterior probability, with known 6:
’Yz(k) = P(ﬂ'i =k | x,@t)



EM for HMM, M-step

Maximization of Q 4, continued

Q4 has to be maximized w.r.t. agg, with the constraint Z aor = 1
k

Method of Lagrange multiplier (see Appendix):

L (CLOJC, )\) = Zlogaok . ")/1(]6) + A-

k k
oL 1 A [
daot  aqy m)+A= aOl:_%)E)

’ b
g—i_zamﬂ—lzo 1:Za0k:_271)(\)
k J k k
= A=-Y k) =-1 = |[an=m()

K
N
1

Uwe Menzel, 2008



EM for HMM, M-step

2. Maximization of Qg

Qp (0,0,) = ZZlogP:czm- P(r | x,6,)

T 1=1

We have to keep in mind that « is a vector: m = {m{, 5, ..., 7 }

5 (0,8;) = YY yy‘logPa’;Jm P(my. | 2, 6;)

Ty 1=1

all other sums add up to 1,

@B 9 9t Z Z logP Li ‘ W'L (ﬂ—i | L 975) marginal rule

Qp(0,6,) =) Y logP(x; | m=k) P(mi=k|x06)
posterior probability:
vi(k) = P(m; =k | z,0;)



EM for HMM, M-step

Maximization of Qg , continued
K L
5 (0,6, :ZZ log P (z; | m = k) - vi(k)

For a detailed calculation of Qg, it is more intructive to specify concrete
arithmetic expressions for the emission probabilities P(x; | ;). Here, two
exemplary cases will be presented:

1) Gaussian emission probabilities, which means that state k emits
normally distributed observations x; with mean u; and standard
deviation g,. A HMM with such emission probabilities is called
Continuous Density Hidden Markov Model (CDHMM).

2) Multinomially distributed emission probabilities, which means that
state k emits one instance of a discrete random variable. The probability
of emitting a particular symbol depends on the state k.

www.matstat.org



EM for HMM, M-step

Maximization of Qg , continued, Gaussian emissions

K L
5 (0,6, :ZZOgP (z; | 7 = k) - i (k)

A HMM with Gaussian emission probabilities means that state k emits
normally distributed observations x; with mean u;, and standard deviation gy,:

P(:U-|7T-:k)=;exp —(Ei_uk)z
e V27 - O 202

so that we have

2
log P(x; | my = k)= — (2 gk) — log (\/ 27T0'k)

20k

Uwe Menzel, 2008



EM for HMM, M-step

Maximization of Qg , continued , Gaussian emissions

5 (0,6,) = ZZ{ ) +1og(\/_ak)] (k)

k=1 1=1 k

Now, maximizing Qp with respect to the emission probabilities means that
we have to maxmize with respect to the parameters u; and gy.

0Qp  ~~ (2 — )
O%B N~ T HD Ly =
S ; 2 ~i(1)
L

D (@i — ) -vill) =0

1=1

XTq = _Zi%"%‘(l)
Z v Z% — [’“ > () 1

This is similar to the common estimation of a Gaussian mean, with the distinction
that the observations x; are weighted by the posterior probabilities that the chain
is in state [ at position i.




EM for HMM, M-step

Maximization of Qg , continued , Gaussian emissions

Qx5 (0,6, = Z

— Hk) +10g(\/_0k)] i (k)

L L 0 (i — ) ()
D (@i ) ) =of - 3w == { o= A0 }

This is similar to the common estimation of a Gaussian variance, with the
distinction that the squared residuals are weighted by the posterior probabilities
that the chain is in state [ at position i.

Uwe Menzel, 2008



EM for HMM, M-step

Maximization of Q3 , continued, Multinomial emissions

K L

Qs (0,6,) =) Y logP(a; | m = k) - v;(k)

k=1:1=1

A HMM with multinomially distributed emission probabilities means
that state k emits an instance of a discrete random variable. The
probability of emitting a particular symbol depends on the state k.

In general, the multinomial probability mass function reads:

N1 21 e
P(X): {El’CL‘Q‘IM’ PP

Here, it is assumed that N trials have been made, and each trial can

lead to one of M different outcomes, having probabilities p;, p5, ..., Dy -
The following constraints apply:

Z:cn:N and ijzl
n J

Uwe Menzel, 2008



EM for HMM, M-step

Maximization of Q3 , continued, Multinomial emissions

When it comes to emissions from state k of a Markov chain, only one symbol is
emitted from that state, i.e. only one trial is made (N = 1), so that we have:

P(X)=pi*-py°-...-py  with Ziﬁn:l and ijzl
n J

For our calculations, we have to introduce two additional indices:

o we need to summarize over the positions in the chain - additional
index i required

o the parameters {p j} are different for each state — additional index k
required

This leads to the conditional probability:

M
. L _ Til | T2 L TiM Lig .
Plr; | m =k)=pi" "Pps -+ pkM_Hpkj j
=1

Zp,lcj = 1Vk

J



EM for HMM, M-step

Maximization of Q3 , continued, Multinomial emissions
P(zi | mi = k) = pgy' -0y -+ DhiY = H o

Pk; is the probability that the symbol j is released by state k, and x;;

indicates if symbol j was observed at position i. Note that in this notation,
x;; is one for exactly one symbol j and zero for all others, which ensures

that });x;; = 1. Using these expression, we can specify Qp:

K L
Qp(0.6:)=> > logP(x; | m =k) - vi(k)
k=1 1=1
K L K L M
5(0,0:)=>") log pr” (k) = > N @y - logpry - vi(k)
k=11=1 J=1 k=11=1 5=1

with the remaining constraint Zpk:j = 1Vk
J



EM for HMM, M-step

Maximization of Q3 , continued, Multinomial emissions

K L M
B (6,6;) = TYYJC‘ZJ log prj - vi(k) Zpkj = 1Vk
k=1 :1=1 j3=1 J
In order to optimize for py;, we establish the Lagrange function:
K L M
L= 3> wy-logpy;-milk)+ Y A [D prj—1
k=11=1 j=1 k j
L
0L 1
— = Tii-— Yilk)+ A =
0Pk ; T iy (£)
M



EM for HMM, M-step

Maximization of Q3 , continued, Multinomial emissions

oL 1
E: :5’; I Yilk) + A =0 () 5)% 32 1: Pk =0 (i)

S @iy ik
Ak

< o zij - vilk) .,
b= Zpk] B ZZ Ak (&)
_szij'vz 271 Zl

t ]
ey

o > Tij - vilk)
— {p””’” TS }

Pry = —

Uwe Menzel, 2008



EM for HMM, M-step

3. Maximization of Q

Qc (9,0, ZZbngHm) P(w | z,0,)

T =1

We have to keep in mind that « is a vector: m = {m{, 5, ..., 7 }

o (0,0,) = ZT TTlogP (mie1 | 7)) - Pz |, 0)

7TL1,1

9 9t T Y YlOgP 7Tz—|—1 ’ Wz) (Wi,’/’TH—l ’ 35',91&) marginal rule

T Ti41 1=1

o (0,6,) = S‘TngPmH_zm_k) Plm, = k,mip1 =1 | z,60,)

Definition &(k, [)

o (0,0,) = TTTlogakz &i(k, 1) &k, 1) = Plmi = b, mig1 = 1| 2, 6,)

the &; can be trated as constants
because they are taken for 6,




EM for HMM, M-step

Maximization of Q.

K K L
Qc (0,6,) = log ay; - §(k, 1)

(=1 1=1

K- number of states
L - length of chain

P
— &

Q. has to be maximized with respect to ay;. The constraints are },; a; = 1,
which is valid for every k. That means that we actually have K constraints.
The Lagrange function is therefore:

+ Ao

Zau—l

l

Zagl—l

[

+ ...

_/

L
L= S:Y:S:logam ok, 1) + Ay
k1 =1 .

~
K summands

K
L = Zk: Zl: Z logay - (k1) + Z Ak [Z (g — 1] Lagrange function



EM for HMM, M-step

Maximization of Q ., continued

L K
L = S: S: S: logag - (k1) + Z Ak [Z ap; — 1] Lagrange function
k k=1

I =1 l

0L 1 il
Smm ; Ann Lilm,n) + A =0 = Gnn = Zzg)\E:fL .
SL
m;am;—1o m=1,2....K ()
1 1
1:Zaml:_/\_ZZ&(m’Z):_)\—ZZ&(m’l)
l UL Mg
1
1= —E ;%(m) |:> A = — ;f}/z(m)
_Zzﬁz(m,n)
— {"’”’ >, 3l }




EM for HMM, M-step

Maximization of Q ., continued

a _ Zz ‘fz (mv n)

Using the definitions of ¢; and y;,

Ei(m,n)=Plm;, =m,mx1=n|z,0)

vi(m) = P(my; =m | x,0)

we can write:

. = > Plmi=m,mip1=n|x0)
e > P(mi=m|x,0)

The estimated transition probability a,,, is the ratio of the expected number
of m — n transitions and the expected number of m- states in the chain.

www.matstat.org



EM for HMM
- Baum-Welch algorithm -

The Expectation-Maximization algorithm adapted to a Hidden Markov Model
is called Baum-Welch algorithm.

Here comes a summary for the estimation of the model parameters 8, when
Gaussian emission probabilities are assumed:

ag; = 71 (1) initial state probabilities
1y = 2% i(l) mean of the Gaussian for state [
Zi ’Yz'(l)

2 2 (@i m)” - vill)
Z > vi(l)

Rl — s s
S (k) transition probabilities

variance of the Gaussian for state [

The ¢; and y; are calculated based on the estimations for the preceding
iteration step.



EM for HMM
- Baum-Welch algorithm -

Here comes a summary for the estimation of the model parameters 6, when
multinomial emission probabilities are assumed:

ag; = 71 (1) initial state probabilities

i ®ig o vilk)

Pki — emission probabilities for state k
’ Zq, Yi(k)

> Silk, 1) transition probabilities

TS R

The ¢; and y; are calculated based on the estimations for the preceding
iteration step.

Uwe Menzel, 2008



repeat the loop until convergence

Baum-Welch iteration (CDHMM)

Ao, Ak, U1, O random initialisation, or 15t guess

l o forward and backward algorithm

(D) ; Bi(D) ; P(x)

l o calculate auxiliary variables

fi (k, l) Vi (k, l)

1 o update, see formulas above

Ao, A1, U1, O updated values

!

stationary?

Uwe Menzel, 2011



6. Maximum A Posteriori (MAP) estimation
Up to now, we have maximised the (log-) likelihood: L(#) = P(z | 6)
MAP attempts to find the maximum of the posterior probability:

P(ole) = £ (x’g)(; ©)

The denominator P(x) is not dependent on 8 and can therefore be ignored:

L(0) =log P(x|0) + log P(f)  introduce latent variables. P(x) = P(m,x)/P(m | x)
=log P(m,z|0) — log P(rx|x,0) + log P(6) conditional expectation ...

=Q(0,0;) — H(0,0;) +log P(0) additional term: log P(8)
where the definitions of Q and H were used:
H(0,0,) Zlong]a:H) P(r | x,0)

Q0,8,) = ZlogPﬂa:W) P(m | x,0;)



MAP - Iteration

1. Initialise the parameters (15t guess) : 6, — 6,
2. Calculate the expectation (Q-function):

Q(6,6:) => log P(x,x | 6) - P(m | x,0,) E-step

Q(6, 8,) is the conditional expectation Ey | ,, g, of the log-likelihood,
P(m, x | 8), with respect to m given the observation x and the known

parameters (model) 6,
3. Find the parameters which maximize the expectation:

0:11 = argmax [Q(0, 0;) + log P(0)] M-step, note the log P(0)
0

91;—|—1 — 9,5 return to E-step or terminate if 8; is stationary

Iterate through E-step and M-step until the relative change of 8 gets small.
EM improves the likelihood on each iteration (at least, it cannot decrease).
Suitable priors must be chosen to make MAP not harder than MLE.

Uwe Menzel, 2008



Appendix

Hidden Markov Models

Expectation-Maximisation (EM) Estimation
Maximum-A-Posteriori (MAP) Estimation

Uwe Menzel, 2008

uwe.menzel@matstat.org
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The Jensen inequality

Convex functions: £0)
Zq: a; f (vi) > f(ZrL a;T;)
Zia@-:l a; >0 flx)
X1 tx, + (i —t)xy X
Concave functions: 0<t<1

F (o airi) 2 3 aif (i) fGx2)

a; =1 a; >0
ZZ f(x1)

X1 tx; + (1 —t)x, X2

www.matstat.org



The Jensen inequality

Convex functions: Concave functions:

Do aif (x) = f (>, aix) f Qo aixs) > aif ()

Ziai:1 a; >0 Zia,f,;:]. a; >0
Convex functions: Concave functions:

[®[f(@)pla)de > @ [[ flx)p(z)dz] @[ f(@)p(z)dz] > [ @ [f(z)|p(z)de
[plx)=1 p(z)>0 [p(x)=1 p(x)>0

This is not more than a hint. An excellent presentation of Jensen’s (and other)
inequalities is by Dragos Hrimiuc (University of Alberta) can be found here:
https://www.math.ualberta.ca/pi/issue4/ (“Pi in the sky” December 2001
issue).

www.matstat.org



Extrema with constraints
- Method of Lagrange multipliers -

Aim: Find the x that maximizes f(x) with the contraint that g(x) = 0
(x might be a vector).

Construct Lagrange function: L(x,1) = f(x) — 1 - g(x)
The parameter A is called Lagrange multiplier.

oL aL . .
Solve P 0 and T 0 (a system of equations). The solution is an extremum
of the function funder the constraint g.

Example: Find extrema of f(z,y) =« +y ; constraint 2”4y =1

g(a:,y):aj2—|—y2—1 L(x,y,)\):x—l—y—i—)\-(a:2+y2—l)

L
0L i tone—0 h
ox
oL 1 1
— =142y =0 r=+— =+
0y / ’ 2 ! V2
oL

= +y*—1=0 )

JA
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